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Abstract. Iterated commutators of multilinear Calderon-Zygmund operators and 
pointwisc multiplication with functions in BMO are studied in products of Lebesguc 
spaces. Both strong type and weak end-point estimates are obtained, including 
weighted results involving the vectors weights of the multilinear Calderon-Zygmund 
theory recently introduced in the literature. Some better than expected estimates for 
certain multilinear operators are presented too. 



1. Introduction and main results 
The commutator of a linear Calderon-Zygmund operator T and a BMO function b, 

T b (f) = [b,T](f) = bT(f)-T(bf), 
was first studied by Coifman, Rochberg, and Weiss [2] who proved that 

T b : L p (R n ) -> L p (R n ) 
for all 1 < p < oo. This can be seen as a bilinear result, 

BMO(R n ) x L p (R n ) -> L p (R n ), 

since actually 

(i-i) ||r 6 (/)||x,<||6|| fl Mo||/||j>. 

Using duality, the above estimate has as an immediate consequence for 1 < p < oo the 
bilinear estimate 

(1-2) \\9T(f)-fT*(g)\\ m <\\g\ 



LP' \\J \\LP, 
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where p' is the dual exponent of p, H l is the Hardy space, and T* is the transpose of T. 
Note that (1.2) is a better than expected estimate, since trivially by Holder's inequality 
and the boundedness of T, 



\\gT(f)-fT*(g)\\ Ll <\\g\\ LP , nJ l]LP . 

Both (1.1) and (1.2) put in evidence that some subtle cancellations are taking place. 
These estimates have found many important applications in other areas of operator 
theory and partial differential equations. 

Another interesting feature of the commutators T& is the fact that they fail to satisfy 
the typical weak end-point L 1 estimate of the Calderon-Zygmund theory. As a remedial 
feature though, they do satisfy an alternative L(logL) end-point estimate, as proved 
by Perez in [9] (see [10] for a different proof) . 

Much of the analysis of linear commutators has been extended to other context 
such as weighted spaces, spaces of homogeneous type, multiparameter and multilinear 
settings. Higher order and iterated commutators have been consider too. The literature 
is by now quite vast. We will only recount here the multilinear situation which is the 
focus of this article. The purpose of the present work is to prove the optimal results for 
the iterated commutators and an associated multi (sub) linear operator. In this sense, 
this article complements and completes the theory developed by Lerner et al in [8], 
where the reader will find further bibliography in the subject. 

Let T be an m-linear Calderon-Zygmund operator as defined by Grafakos and Tor- 
res in [5] and [7] (see the next section for complete definitions). In particular, such 
operators satisfy 

(1.3) T : L P1 (R n ) x • • ■ x L Pm (R n ) -»■ L p (R n ) 

whenever 1 < pi, . . . , p m < oo and 

/ \ 1 1 1 

1.4 _ = _ + ... + _ 

V Pi Pm 

and also the end-point result 

(1.5) T : L x (]R n ) x • • ■ x L l (R n ) L 1/m '°°(M n ). 

Let b = (pi, ... , b m ) be in BMO m . The commutator of b and the m-linear Calderon- 
Zygmund operator T, denoted here by T^t, 1 , was introduced by Perez and Torres in 
[11] and is defined via 

rn 

(1-6) T Sb (/ l5 ...,f m ) = ^T((A, . . . , f m ), 

j'=i 



1 The notation Tt was used instead in [11] and [8]. We use the new notation to better differentiate 
this commutator from the iterated ones we want to study in this article. The notation for both types 
of commutators is also motivated by the estimates they satisfy. 
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where each term is the commutator of bj and T in the j-th entry of T, that is, 

T b 3 ( f ) = T b 3 (/l) • • • > /m) = [bj, T]j(fi, ...,f m ) 

= bjT(fx, . . . , fj, . . . , f m ) — T(/i, . . . , . . . , / m ). 

It was shown in [11] that T^b satisfies the bounds (1.3) for all indices satisfying (1.4) 
with p > 1. The result was extended in [8] to all p > 1/m. The estimates are of the 
form 

(m \ m 

i=l / j=l 

Moreover, weighted-// versions of the bounds (1.3) were obtained in [8] for weights 
in the classes Ap (see again the next section for definitions). These classes of weights 
introduced in [8] are the largest classes of weights for which all m-linear Calderon- 
Zygmund operators are bounded. 

As it may be expected from the situation in the linear case, the end-point estimate 
(1.5) does not hold for T^b- Instead the following estimate was also obtained in [8] 

(1.8) |{xGM": |T Eb (f)(x)| > t m }\ < C(b) f[(f R $ (^T^) dx 

where $(t) = t (1 + log + 1). The result is still true if the Lebesgue measured is changed 
by an Af weight (2.9). Note that for m — 1 this is the end-point result in [9]. The 
estimate (1.8) is sharp in an appropriate sense. It is also the right one from the point 
of view interpolation as recently shown by Grafakos et al [4]. 

The results for T^b were obtained in [8] via corresponding ones for the maximal 
function 

-A^ S L(iogL) = ^2M l L{logL) , 

where 

Mi {logL) (f)(x) = SUp ||/i|U(i ogi)) Q TT r— | / fj dx. 

Qix \Q\ Jq 

Independently, Tang [13] has also looked at T Sb , iterations of it, and vector valued 
versions, but only for weights in the classical A v classes (whose product is still smaller 
than Ap). He obtained some end-point estimates but with the right-hand side term in 
(1.8) replaced by a more complicated expression with an extra factor, and without the 
homogeneity of (1.8), which is crucial to obtain optimality. 

We will establish in this article strong bounds for iterated commutators for p > 1/m 
allowing the full Ap classes and again sharp end-point results when p = 1/m 

For a Calderon-Zygmund operator T and h — (pi, ... , b m ) in BMO m , we define the 
iterated commutators Tfib to be 




(1.9) 



Tub (/l) • • • j fm) — [bl, [02 j • • • [°m-lj [°m> 7jm]m-l • • • h\l 
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To clarify the notation, if T is associated in the usual way with a Calderon-Zygmund 
kernel K, then at a formal level 
(1.10) 

„ m 

Tnb(f)O) = / ~[(bj(x) - bj(yj)) K(x,y!, . . .,y m )h{Vi) ■ ■ ■ fm(y m ) dy 1 ... dy m . 
(See also (1.14) below for another explicit formula in the bilinear case.) 

We will prove the following strong type bound for Tub- 

Theorem 1.1. Let T be an m-linear Calderon-Zygmund operator; w G Ap with 

1 1 1 

V Pi Pm 

and 1 < Pj < oo,j = 1, . . . , m; and b G BMO m . Then, there exists a constant C such 
that 

m m 

(1-11) ||Tnb(f)||L^) < C J] Memo f[ WfM^^y 

j=i j=i 

At the end-point we obtain the following estimate. 

Theorem 1.2. Let T be an m-linear Calderon-Zygmund operator; w G Af, and b G 
BMO m . Then, there exists a constant C depending on b such that 
(1-12) m ^ ^ 

I/a {{x G R n : \T nh (f)(x)\ > t m }) < C f[ ^ *™ (WS.) Wj ( x) dx 



where $(t) = t (1 + log + 1) and $ (m) = $ o • • • o $. 

Moreover, the estimate is sharp in the sense that $( m ) can noi fre replaced by $w 
/or k < m. 

To prove the sharpness of theorem above we adapt some ideas from [8]. For simplicity, 
we consider m = 2, n = 1, T one of the bilinear operators for n=l obtained from the 
(linear) Riesz transforms in n=2, as it is done for example in [8], and the functions 
bi(x) = bzfa) = log |1 + x\ and fi = fz = X(o,i)- Thus we can prove that the estimate 



\{xeR n : \T nh (f)(x)\ >t 2 }\ <C ( [ 



V2 / r /If INN 1 / 2 

$(2) ( \IA 



is false. In fact, if the inequality above were to hold, by the homogeneity we would 
have that 

\{xeW : |T nb (f)(x)|>t 2 }| 2 <C / I $ (2) (/ 2 ), 
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and hence, since $ is a Young function 

su P^7T7u l{ xGRn : l^nb(f)(x)| >A}| 2 <oo. 

A>0 <P{L/A) 

However, using the fact that = x/(logx) for x > e, it is easy to check that 

S?*(T7A) |{xeR " :|Tnb(f)WI>A}|2 - S?*WA) l{l>e:!2i! ^ >A}|! 

1 ir . log(x) -. |2 
= sup — ; — — — ■ \\ x > e : > A 

1 C 

- i7owm l{x>e: *=W) >x}12 

> C sup ^ C,X) ~ 6)2 

> ? sup 



4 0<A<&/2e $((C/A) 



2> 



c 

> — sup log(C/A) = oo. 

4 0<A<C*/2e 



As in the linear case and the particular multilinear case studied in [8], the proofs of 
the two main theorems will be based on corresponding estimates on a maximal function 
that controls the commutator, the operator M.L{\ogL) given by 

m 

( L1 3) -M L( i ogL )(f)(x) = SUp JJ \\fj\\ L {\ gL),Q, 

QBx - =1 

where the supremum is taken over all cubes Q containing x. Strong bounds for this 
operator were already obtained in [8] but not weak-type ones. We present in this article 
the right end-point distributional estimate it satisfies (see Theorem 4.1). This operator 
and the estimates it satisfies are crucial in this paper. 

Our analysis will show that in fact one can also study commutators where only k < m 
factors appear in (1.10), and which are controlled by an appropriate modification of 
the maximal function M.L{\ogL)- We will concentrate only in the case where there are 
m functions in BMO, which is the most difficult one, and leave other generalizations 
to the interested reader. 

The next section contains some basic definitions and further background related to 
the classes Ap of vector weights and several multilinear maximal functions from [8]. 
Nevertheless, the reader already familiar with the subject can skip Section 2 and move 
directly to Section 3, where a key pointwise estimate involving the maximal function 
A^L(iogL), Theorem 3.1, is combined with the classical Fefferman-Stein inequality to 
prove the strong bounds in Theorem 1.1. Likewise, the proof of Theorem 1.2 is obtained 
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using a new weak type estimate for the maximal function M.L(\ogL)i Theorem 4.1, which 
is presented in Section 4. 

Before we conclude this introduction, we would like to consider analogs of (1.2) in the 
multilinear setting in view of (1.11) and put in evidence again some better than expected 
estimates, which are implied by the commutator results and which also motivate in part 
our study of commutators. For simplicity we consider the following particular case. For 
a bilinear Calderon-Zygmund operator T, we can write 



(1.14) T nb (/i, f 2 ) = 6i6 2 T(/ 1 , f 2 ) - 6 2 T(6i/i, / 2 ) - &iT(/i, b 2 f 2 ) + T(hf u b 2 f 2 ). 



for 1/q + 1/r = 1/p, 1 < p,q,r < oo, and where T* 1 is the transpose of T in the first 
variable. Notice that this is again an improvement (now both in the target and the 
range) over the trivial estimate 



and which follows by Holder's inequality and the boundedness of T. The better estimate 
obtained reflects again the presence of certain hidden cancellations. Though we will 
not carry their study here any further, it would be interested to see if estimates like 
(1.15) are amenable to some analysis similar to the one generated in the linear case as 
consequence of (1.2). 



2.1. Calderon-Zygmund operators. Following [5] we will assume here that T is a 
bounded m-linear Calderon-Zygmund operator. That is, T satifies the bounds (1.3) 
and (1.5) and its Schwartz kernel K satisfies away from the diagonal x — y\ — ■ ■ ■ — y m 




S 



: L°°(M n ) x L p '(M n ) x L q (R n ) x L r (R n ) L 1 (R n ), 



where 



S(b, h, A, f 2 ) = hbTifr, f 2 ) - hT*\hb, f 2 ) - hT(h, bf 2 ) + hT* 1 ^ bf 2 ), 



2. Some background definitions and estimates 



in 



n\m+l 



(2.1) 



\K(y ,yi,...,y m )\ < 



A 




and also 



(2.2) 



\K(yo, ,Vm) - K(y 0l ...,y' j ,...,y m )\ < 
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for some e > and all < j < m, whenever \yj — y'-\ < | max <fc< m \yj — yk\- In 
particular for x fl supp fj, 

T(fi, ...,f m )(x) = / K(x, y h ... , y m )fi(yi) . . . f m (y m ) dj/i . . . dj/ m . 



2.2. Orlicz norms. For = t (1 + log + 1) and a cube Q in M n we will consider the 
average of a function / given by the Luxemburg norm 

We will need the several basic estimates from the theory of Orlicz spaces. We first 
recall that 

(2.3) ||/lko>l if and only if ±J $ (\f(x)\)dx > 1. 

Next, we note that the generalized Holder inequality in Orlicz spaces together with 
the John-Nirenberg inequality implies that 

(2-4) jij J \b(y) - b Q \ f(y) dy < C||6|| BMO ||/|U(io g x),Q, 

an estimate that we shall use in several occasions without further comment. 
We will also use the maximal function 

M L{ i ogL) f(x) = SUp ||/||i(logL),Q, 

where the supremum is taken over all the cubes containing x. This operator satisfies 
the pointwise equivalence 

(2.5) M L{logL) f(x)^M 2 f(x), 

where M is the Hardy-Littlewood maximal function, and we will also employ several 
times the Kolmogorov inequality 

( 2 - 6 ) ||/|| L p (Qi ^) < c II/IIl9-°°(q,^)> 

for < p < q < oo. See, e.g. [14] and the reference in [8]. 

2.3. Sharp maximal functions. For 5 > 0, Ms is the maximal function 

M 5 f(x) = M(\f\ s y/\x)= fsup-?- [ \f(y)\ 5 dy" 



,QBx \Q\ JQ 

In addition, is the sharp maximal function of Fefferman and Stein [3], 

M*(f)(x) = supinf — / \f(y) -c\dy& sup — / \f(y)-f Q \dy. 
Q3x c \Q\ Jo Q3x \Q\ Jn 
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and 

M#f(x) = M#(\f\ s y/\x) 
We will also use from [3], the inequality 

(2.7) f (M s f(x)fw(x)dx<C I (M*f(x)) p w(x)dx, 

for all function / for which the left-hand side is finite, and where < p, 5 < oo and w 
is a weight in A^. Moreover, if <p : (0, oo) —> (0, oo) is doubling, then there exists a 
constant c (depending on the Aoo constant of w and the doubling condition of <p) such 
that 

(2.8) sup <p(\)w{{y G R n : M 5 f(y) < A}) < c sup<f(X)w({y G R n : M*f(y) < A}), 

A>0 A>0 

again for every function / such that the left hand side is finite. 

2.4. Multiple weights. Following the notation in [8], for m exponents pi, . . . ,p m , we 
will often write p for the number given by \ = + • • • + — , and P for the vector 



P = (p l9 . . .,p mJ 

Let 1 < pi, . . . ,p m < oo, a multiple weight w = (w\, . . . , w m ), is said to satisfy the 



multilinear condition if for 



it holds that 



n 



w 3 \ 



When pj = 1, ^|^| JqWj Pj j 3 is understood as (infm^-) -1 . 

One can check that An i) is contained in Ap for each P, however the classes Ap 
are not increasing with the natural partial order. As mentioned in the introduction, 
these are the largest classes of weights for which the multilinear Calderon-Zygmund 
operators are bounded on Lebesgue spaces, as proved in [8]) improving on the results 
in [6] and [12]. In fact, one has 

m 

Y\ A Pj c Ap, 

3=1 

with strict containment. Moreover, in general w G Ap does not imply Wj G L\ oc for 
any j, but instead 

{i-p'. 
W i ' " J ' "' 

1 — p'. I/771 

where the condition Wj 3 G A mp >. in the case pj = 1 is understood as uy G A±. 
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Observe that in the linear case (m = 1) both conditions included in (2.10) represent 
the same A p condition. However, when m > 2 neither of the conditions in (2.10) implies 
the other. We refer the reader to [8] for more details on this multilinear weights. 

3. Proof of Theorem 1.1 

The technique of comparing commutators with sharp maximal operators has by now 
a long history of successful applications (see the comments in [8] p. 15 and the references 
therein). In our case the pointwise estimate needed is the following. 

— > 

Theorem 3.1. Let Tub be a multilinear commutator with BMO m and let < 5 < 
e, with < 5 < 1/m. Then, there exists a constant C > 0, depending on 5 and e, such 
that 

m 

(3.1) M*(T Uh (f))(x) <C H \H\bmq (7W L(logL) (f)(x) + M £ (T(f))(x)) 

for all m-tuples f = .., f m ) of bounded measurable functions with compact support. 

Proof. For simplicity in the exposition we only present the case m — 2. No different 
computations are needed for the general case, which is only notationally more compli- 
cated. Fix then b±, 62 E BMO and write for any constants Ai and A2, 

T nb (f)(s) = (h(x) - Ai)(& 2 (a;) - A 2 )T(A, f 2 )(x) - (h(x) - XjTfo, (b 2 - A 2 )/ 2 ) 
-Mx) - A 2 )T((6 1 - AOA, / 2 ) + T((h - AOA, (b 2 - X 2 )f 2 )(x). 

Also, if we fix x G M n , a cube Q centered at x and any constants c\, c 2 and C3, then 
since < 5 < 1/2, we can estimate 

1/5 



1 



101 



Q 



mm 



1/8 

dz I 




T fe (f)(,)-^ Cj 



f/2 



< (^Jj^-^ib^-^nf.j^fdz 

+ {W\I Q 1(61 (X) " Al)T(/l ' ~ X2)h){z) ~ Cl ' 5 dz ) 
+ (ill / |(6a(x) " A 2 )T((&! - Ai)/i, / 2 )(«) - c 2 | 5 

+ (||| y |T((6! - AO/!, (6a - A a )/ 2 )(*) - c 3 | 5 ^ 7 



1/a 



1/5 



I + 11 + III + IV. 
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We analyze each term separately selecting appropriate constants. Let Q* = 3Q and 
let Xj = (bj)q* be the average of b on Q*, j — 1, 2. For any 1 < qi,q 2 ,q3 < oo with 
1 = + 1/^2 + 1/^3 an d <73 < e/5 we have by Holder's and Jensen's inequalities, 



I < C 



1 

W\ 
i 

W\ 



|6 1 (z)-A 1 | <5 " 1 dz 



Q 



i/5 gi 



1 



\b 2 {z) - X 2 \ Sq2 dz 



1/Sq 2 



)l/<5<?3 



< C\\bi\\ B Mo\\h\\BMoM Sga (T(f lt h))(x) 

< C f ||6 1 || BMO ||6 2 || BMO M £ (r(A,/ 2 ))( a; ), 

which is an appropriate estimate for what we want to obtain. 

Since II and III are symmetric we only study II. We split each ft as /$ = + /? 
where /° = / XQ * and /?" = /<- ff. Let 

3 

ci = (bx(x) - Ai) J^cij, 

where 

c 1 , 1 = T(/ 1 °,(6 2 -A 2 )/ 2 0O )(x), 
ci, 2 = T(/r,(&2-A 2 )/ 2 )Or), 

ci,3 = T(/r,(&2-A 2 )/r)(^)- 

We choose now 1 < p < 1/ (25) and use Holder's inequality to get 



II 



C 

W\ 



\{h(x) - A 1 )T(/ 1 , (6 2 - A 2 )/ 2 )( 2 ) - Cl | 5 dz 



< CMbmo I j|j 



T(f 1 ,(b 2 -X 2 )f 2 )(z)-J2^,. 



j'=i 



l/p<5 



< C'||6 1 || BMO ^^^|T(/0,(6 2 -A 2 )/ 2 )( 2 )| p5 ^ 



l/p5 



+ 



+ 



c 

lof 

c 



Q 



\T(f?,(b 2 -X 2 )f»)(z)-c 12 \ p5 dz 



1/pS 



1/pS 



+ (W\I Q |T(/l °°' ih ~ X2)fn{z) - Cl3,P5 dz ) ) 



C\\b 



i Biro 



ih + ih + in 
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Using now that p5 < 1/2, we can estimate the Hi using the fact that T is a Calderon- 
Zygmund operator, 



Ih 



C 

W\ 



\TUl(b 2 -\ 2 )f 2 ){z)fdz\ 



\lV 2 <°°(Q,^) 



\ 1/pS 



< C\\TUl(b 2 -\ 2 )f 2 ) 

< ^|/i|q||6 2 ||bMO ||/ 2 |U(log.L),Q 

< C\\b 2 \\ BM oM L (i ogL )(fxJ 2 ){x). 

Again, since II 2 and II3 are symmetric, we just estimate the first one; 

Ih = (]|f / l T (A°' (62 - A 2 )/ 2 °°)(z) - T{fl (b 2 - \ 2 )f 2 °°)(x)\ pS cfa) 
< 7^7 / l r (A°, (62 - A a )/ 2 °°)(*) - T(/ 1 °, (&„ - A 2 )/ 2 °°)(x)| 



< 



\Q\ 

c_ 

W\ 



Mvi)\dy 



?,Q 



< c 



\h{y\)\dy 




x-z\ £ \b(y 2 ) - X 2 \\f 2 \dy 2 
(\z- yi \ + \z-y 2 \) 2n +c 



dz 



) 



n\2n+e 



\ 



|&(2/2) - A 2 | 1/2^2/2 

(3 fc + x Q) y 



< 



< 



IQI 



e/n 



, ((3fe |g| ) l/n ) 2n +e V y (3fc+1Q) 



(3 fe +iQ) 



|6(2/2) - A 2 1 1/2 (2/2)|% 



C||6 2 || 



k=l 



< C||6 2 ||BMoA4i(i ogL) (/i,/2)(a;) 
For the last term II4, we have 



< 



1 

c_ 

\Q\ 



\T(f?, (62 - A a )/ a °°)(z) - n/r, (ta - A 2 )/r)(^r p ^ 

|T(/r, (62 - A 2 )/ 2 °°)(*) - T(/ 1 °, (6 2 - A 2 )/ 2 °°)(x)|^ 



l/5p 
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-Will J (MTRF dyidy2}dz 

l n \3Q) 2 



c_ 

~\Q\ 



/ „ ........ \ 



\ (3 fe + 1 Q) 2 \(3 fe Q) 2 / 



k= 

oo 



< C\\b 2 \\ BMO ^2 gfti - 1 A 1 3*+! Q 1 1 /2 1 1 i(log i) ,3*+! Q 



- (3*|Q|Vn)2n +£ J (3k+1Q) 
k 

k=l ' 

< C\\b 2 \\BMO M L (lo g L)(flj2){x). 

This part conclude the estimation of //, and thus also III . 

It only remain to study the last term IV. As before, we first split any function 

IV = (^J\T((b 1 -X 1 )f 1 ,(b 2 -X 2 )f 2 )(z)-c 3 \ s d z y 



C 



( ^ / \T((b 1 -X 1 )f 1: (b 2 -X 2 )f° 2 )(z)\°dz 



1/5 



+ Jf |T((6i - Xi)fi, (h - X 2 )tr)(z) - c 31 |° dz 
+ (]|| / \T((h - X 1 )f?, (b 2 - X 2 )f 2 ){z) - o i2 \ 5 dz^ 
+ / - (6a - A 2 )/ 2 °°) (z) - c 33 \ S dz^j 



1/5 



1/5 



= m + iv 2 + iv 3 + iv 4 

The first one follows as II\, 

IVi = {^\j Q \ T ^- (6 2 -A 2 )/ 2 °)(z)| 5 ^y /5 

< C7||r((6a - AO A , (fe - A 2 )/ 2 )|| i i/2, O o ( Q ^) 

< Cj^ j \{bi{z) - X 1 )f l {z)\dz^ J \(b 2 (z) - X 2 )f 2 {z)\dz 
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< C||&i||bMO II fl || L(l og L),Q 11^2 1 1 BMO || ^2 || L(logL),Q 

< CWhWBMoWhWBMO M L (logL)(fl, f2)(x). 

For IV2 and /V3 we consider for example IV2, 

\T((h - \i)fi, (6 2 - A a )/|°)(z) - T((&! - AOA , (fe - A 2 )/ 2 °°)(^)l 
< / \{b 1 {y 1 )-\ 1 )f 1 {y 1 )\dy l 

J 3Q 

K"\3Q 



x — 2; 


£ \My 2 ) 


- A 2 )/ 2 (Z/2)|^2 


(k — 2/i 


+ 


z - y 2 ) 2n+e 



X / 162(2/2) - A 2 )/2(j/2)| dj/2 

\./(3 fc + 1 <2) 
00 

- ^ l|6l|| J BA/o||62|| J BA/o||/l||L(logL),3 fe + 1 Qll/2| 



fc=i 



|L(logL),3 fc + 1 ( 
< C , ||6i||BMo||6 2 ||BMO-ML(logL)(/l, /^(z)- 



Fiinally, the term /V4 is estimated in similar way and we deduce 

mh - Ao/r, (6 2 - A 2 )/r)(^) - n(6i - Ao/r, (6 2 - a 2 )/ 2 °°)(^)i < 

< C||6i||BA/o||62||BMO-M L (i ogL )(/i,/ 2 )(x). 

The proof is complete. □ 

This pointwise estimate just proved is the key for the strong and weak estimates with 
multiple weights. In particular this pointwise estimate yields an appropriate version of 
the Coifman-Fefferman type inequalities ([1]). 

Theorem 3.2. Let p > and let w be a weight in A^. Suppose that b e BMO m . 
Then, there exists a constant C w (independent ofb) and a constant c w (h) such that 



(3.2) / \T nh (f)(x)\ P w(x)dx<C w niNlBA/O / A^(logL)(f)( 



x) p w(x)dx, 



and 



sup ^7T-M{y E R n :|T nb (f)(y)| > t m }) 
t>o (7) 



(3.3) <c.(b) sup— ^^({y e W 1 : A* L(]ogL) (f)(y) > t m }), 
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for all f = (/i, .., fm) bounded with compact support. 

Proof. The proof of these type of estimates is by now standard. We refer the reader to 
[12, Theorem 1.6] and [8, Corollary 3.8 and Theorem 3.19]. The arguments there can 
be followed step by step in this new case. We only observe that to use the Fefferman- 
Stein inequality (2.7) as argued in [8, pp. 32-33], one needs to verify that ||Tnb(f)IUp(io) 
is finite whenever ||AlL(iogL)(f)||-L!>(>) is- However, if one assumes b in (L°°) m this is 
clear because of the boundedness properties of T. The passage to b in BMO m is 
also standard and combining it with Fatou's lemma, one gets the desire result. The 
proof of (3.3) also follows the pattern for the corresponding estimate relating T^b and 
■MsL(iogL) in [8, pp. 33-35]. We omit the rest of the details. 

□ 

We can now finish the proof of Theorem 1.1. Since for w in Ap, the weight v$ is in 
Aoo, we can use one more result from [8] on strong bounds for M.L{\ogL) and conclude 
from (3.2) that 




m m 

- n inibmo w wfj\\L p i{ W] )- 

3=1 3=1 



4. Proof of Theorem 1.2 
We start with a new weak type end-point estimate for M.l(\o^,l) ■ 

Theorem 4.1. Let w G Af. Then there exists a constant C such that 
(4-1) 

^ {{x e R n : M L{logL) (f)(x)\ > t m }) < C II (j£ $M w ^ x)dx 

Morever, this estimate is sharp in the sense that $( m ) can not be replaced by $^ fc - ) for 
k < m. 

Proof. Our goal is to estimate \Q\ — |{A^L(io g L)(/i, f 2, fm) > The set f2 is open 
and we may assume it to be not empty. It is enough then to control the size of every 
compact set F contained in Q. 

For x G F there exists a cube Q with x G Q such that 



(4.2) 



m 

IIll/ilko>i- 

i=l 
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Thus, by a covering argument, we can extract a finite family of disjoint cubes {Qi} 
whose dilations cover F for which 

(4.3) \F\<CJ2\Q*\ 

i 

and {Qi} satisfies 

m 

nil/ilkg,>l- 

We use the same notation of [12] and let denote the family of all subset a = 
(c(l), cr(h)) from the index {l,...,m} with 1 < h < m different elements. Given 
a £ C™ and a cube Qi, we say that i £ B a if || /o-(fc) || > 1 for A; = l,...,h and 
\\fa(k)U,Q, <lfark = h+l, ...,m. 

Let us consider a £ C™ and i E B a . Denote 

k 

and n = 1. Then it is easy to check that IT^ > 1 for every 1 < k < m. It follows that 

1 < hlfc = ||/a(fc)ll*,Qz Hfc-l = \\fa(k)^k~l\\<S>,Qi 

or, equivalently (by (2.3)) 

(4.4) j^-J^ $(/ (7{fc) n fc _ 1 )>i. 

In particular, 

(4.5) i < J_ ^ $ ( /ctM n m _ x ) <j^-J q ® (Mm)) $ (n m -0 . 

Now, by taking into account the following equivalence 

||/lk, Q ^inf>+^- / $(|/|//i)}, 
^ >0 \Q\ Jq 

if 1 < j < m — h — 1, by (4.4) we get 

< c& (l + ^ J $ (/ CT(m _ i} IU- H )j 

From (4.5), by iterating the inequality above, we obtain 
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f m—h—l 



(m—h—1 1 „ \ / h 

II JQ-J Q [U^iMaVha) 

since $ is submultiplicative. 

Thus, since i G B a , we have \\f a (j) ||$,Qj > 1 f° r 3 — 1> •••h, and it follows 



'm—h—l 



$rn- h+ l {f 



0% 



Now, since for 1 < h < m and < j < m - h - 1 we have that $ J+1 (t) < $ m - h (t) < 
$ m (t) and < $ m (t), we deduce 



or equivalent ly 

l/m 



\Qi\<cf[([ 

j = l \J Qi 



Thus, going back to (4.3) it follows that 



h=l a£C™ ieB a 

(m m , „ 

EEEn'§f-riQ,i"™ (^/ *-(/,: 
h=l o£C™ i£B a j=l JQi 



l/m 



which concludes the proof of (4.1) 

We now prove that the estimate (4.1) is sharp in the sense stated in theorem. 
We claim that the following estimate is false 

4 l/m 

(4.7) \{x : M L{logL) (f) > X m }\ < C I J] W m ^C-f)\\^ 

\i=i 
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We let A = 1 and then the estimate to be studied is 

m 

(4-8) \{x : M L{logL) (f) > l}\ m < C J] W^-WfiDWv 

3=1 

for any f with all the components positives. Hence by the same homogeneity we 
replacing f\ by A 

(4.9) |{x : M L[logL) (f) > \ m }\ m < C J^ 1 U^j n^ $m_1 (/i) 

3 = ^ 

Now, let /j = X(o,i)- ^ (4-9) holds, since $ is a Young function, we conclude 

(4-10) sup ^ 1 |{x e R : JU L(logL) (f)(s)| > X m }\ m < C. 

However, observe that, by definition of A^x(i og L)(f) and of || -||x(iogi),Q? it follows for 
any subset A that ||xa||*,q = - 1 , 1 \ q \ : ■ Hence, if x > e we have 

MLQogL)(f)(x) > ||X(0,l)lir(logL),(O l x) 



$- 1 (z) m 

Thus, taking into account that 4> k (t) = t(l + log + t) fc , the left-hand side of (4.10) is 
bigger than 

1 1 ($(±)-eV n 

BuP ^ m -i,w m J {s>e: ^T7ZX>M\ m > sup 



A>0 $"-i(A- m )' L • $-i( x ) Jl - 0<A / 1/e $m-l ( _L) 

i _ ( $ (i))' 



> 



Om SU P, ( T)m-l('J_ 
Z 0<A<^- * I A m 



C , 1 

> — sup log — 

— m m-l0m r o a 

= oo 

□ 

Given (3.3) and (4.1) the proof of Theorem 1.2 is almost routine. The reader can 
see [8, pp. 38-39] and easily adapt the arguments. 
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MULTILINEAR SINGULAR INTEGRALS 



CARLOS PEREZ, GLADIS PRADOLINI, RODOLFO H. TORRES, 
AND RODRIGO TRUJILLO-GONZALEZ 

Abstract. Iterated commutators of multilinear Calderon-Zygmund operators and 
pointwise multiplication with functions in BMO are studied in products of Lebesgue 
spaces. Both strong type and weak end-point estimates are obtained, including 
weighted results involving the vectors weights of the multilinear Calderon-Zygmund 
theory recently introduced in the literature. Some better than expected estimates for 
certain multilinear operators are presented too. 



1. Introduction and main results 
The commutator of a linear Calderon-Zygmund operator T and a BMO function b, 

T b (f) = [b,T](f) = bT(f)-T(bf), 
was first studied by Coifman, Rochberg, and Weiss [2] who proved that 

T b : L p (R n ) -> L p (R n ) 
for all 1 < p < oo. This can be seen as a bilinear result, 

BMO(R n ) x L p (R n ) -> L p (R n ), 

since actually 

(1-1) IIW)IU P <||fe|| B M0||/|U,. 

Using duality, the above estimate has as an immediate consequence for 1 < p < oo the 
bilinear estimate 

(1-2) \\9T(f)-fT*(g)\\ m <\\g\\ LP ,\\f\\ LP , 

where p 1 is the dual exponent of p, H l is the Hardy space, and T* is the transpose of T. 
Note that (1.2) is a better than expected estimate, since trivially by Holder's inequality 
and the boundedness of T, 

\\gT(f)-fT*(g)\\ L1 <\\g\\ LP , \\f\\ LP . 
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Both (1.1) and (1.2) put in evidence that some subtle cancellations are taking place. 
These estimates have found many important applications in other areas of operator 
theory and partial differential equations. 

Another interesting feature of the commutators is the fact that they fail to satisfy 
the typical weak end-point L 1 estimate of the Calderon-Zygmund theory. As a remedial 
feature though, they do satisfy an alternative L(logL) end-point estimate, as proved 
by Perez in [9] (see [10] for a different proof). 

Much of the analysis of linear commutators has been extended to other context 
such as weighted spaces, spaces of homogeneous type, multiparameter and multilinear 
settings. Higher order and iterated commutators have been consider too. The literature 
is by now quite vast. We will only recount here the multilinear situation which is the 
focus of this article. The purpose of the present work is to prove the optimal results for 
the iterated commutators and an associated multi (sub) linear operator. In this sense, 
this article complements and completes the theory developed by Lerner et al in [8], 
where the reader will find further bibliography in the subject. 

Let T be an m-linear Calderon-Zygmund operator as defined by Grafakos and Tor- 
res in [5] and [7] (see the next section for complete definitions). In particular, such 
operators satisfy 

(1.3) T : L P1 (R n ) x ■ ■ • x L Pm (R n ) -> L p (R n ) 
whenever 1 < p x , . . . ,p m < oo and 

(1.4) - 

p 

and also the end-point result 

(1.5) T : L x (R n ) x 

Let b = (pi, ... , b m ) be in BMO m . The commutator of b and the m-linear Calderon- 
Zygmund operator T, denoted here by T^b 1 , was introduced by Perez and Torres in 
[11] and is defined via 

(1.6) T Eb (f 1: ...J m ) = ^T* (A, ■ • ' ' 

where each term is the commutator of bj and T in the j-th entry of T, that is, 
Ti.(f)=Ti j (fi,...,f m ) = [b j ,T] j (fi,...,f m ) 

— bjT(fi, • • • i fji ■ ■ ■ j fm) — T(fi, . . . , bjfj, . . . , f m ). 

1 The notation was used instead in [11] and [8]. We use the new notation to better differentiate 
this commutator from the iterated ones we want to study in this article. The notation for both types 
of commutators is also motivated by the estimates they satisfy. 



1 1 
- + ••• + —, 

Pi Pm 



■ X 



L l (W l ) -> L 1/m '°°(R n ) 
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It was shown in [11] that T^b satisfies the bounds (1.3) for all indices satisfying (1.4) 
with p > 1. The result was extended in [8] to all p > 1/m. The estimates are of the 
form 

(m \ m 

i=i / j=i 

Moreover, weighted-// versions of the bounds (1.3) were obtained in [8] for weights 
in the classes Ap (see again the next section for definitions). These classes of weights 
introduced in [8] are the largest classes of weights for which all m-linear Calderon- 
Zygmund operators are bounded. 

As it may be expected from the situation in the linear case, the end-point estimate 
(1.5) does not hold for T^b- Instead the following estimate was also obtained in [8] 



;i.8) \{xeR n :\T Sh (f)(x)\>t m }\<C(b)f[([ $( 

• =1 \JR n V 



t 



1/m 

dx 



where <3>(t) = t (1 + log + t). The result is still true if the Lebesgue measured is changed 
by an Af weight (2.9). Note that for m = 1 this is the end-point result in [9]. The 
estimate (1.8) is sharp in an appropriate sense. It is also the right one from the point 
of view interpolation as recently shown by Grafakos et al [4]. 

The results for T^b were obtained in [8] via corresponding ones for the maximal 
function 

-MsL(logL) = ^2M l L{logL) , 

where 

•^i(iogi)(f)( x ) — SU P ||/;|U(iog£),Q TT iT^t / fjdx. 

Qlx ^ IVI Jq 

Independently, Tang [13] has also looked at T^b, iterations of it, and vector valued 
versions, but only for weights in the classical A p classes (whose product is still smaller 
than Ap). He obtained some end-point estimates but with the right-hand side term in 

(1.8) replaced by a more complicated expression with an extra factor, and without the 
homogeneity of (1.8), which is crucial to obtain optimality. 

We will establish in this article strong bounds for iterated commutators for p > 1/m 
allowing the full Ap classes and again sharp end-point results when p = 1/m 

For a Calderon-Zygmund operator T and b = (pi, . . . , b m ) in BMO m , we define the 
iterated commutators Tfib to be 

(1.9) T nb (/!,...,/„) = [&!, [6a,... [6 m— 1 ) [b m , T] m ] m _i . . . ] 2 ]l 

To clarify the notation, if T is associated in the usual way with a Calderon-Zygmund 
kernel K, then at a formal level 
(1.10) 

„ m 

T nh (f)(x) = / ~[(bj(x) -b j (y i ))K(x,y 1 ,...,y m )f 1 (y 1 )...f m (y m )dy 1 ...dy m . 
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(See also (1.14) below for another explicit formula in the bilinear case.) 
We will prove the following strong type bound for Thb- 

Theorem 1.1. Let T be an m-linear C alder on- Zygmund operator; w £ Ap with 

1 1 1 

P Pi Pm 

and 1 < pj < oo,j = 1, . . . , m; and b £ BMO m . Then, there exists a constant C such 
that 

m m 

(1.11) ||Th b (f)!U,(^) < C J] Memo U WMm^y 

3=1 3=1 

At the end-point we obtain the following estimate. 

Theorem 1.2. Let T be an m-linear C alder on- Zygmund operator; w £ Af, and b £ 
BMO m . Then, there exists a constant C depending on b such that 
(1-12) 

u a {{x £ W 1 : |T nb (f)(x)| > t m }) <Cj[^ <S>^ (^j^j w,{x)dx 

in 

where $(t) = t (1 + log + 1) and $ (m) = $ o ■ • • o $. 

Moreover, the estimate is sharp in the sense that & m > can not be replaced by 
for k < m. 




To prove the sharpness of theorem above we adapt some ideas from [8]. For simplicity, 
we consider m — 2, n — 1, T one of the bilinear operators for n = 1 obtained from the 
(linear) Riesz transforms in n = 2, as it is done for example in [8], and the functions 
b\(x) = b2(x) = log |1 + x | and fi = fz = X(o,i)- We can prove, for example, that the 
estimate 

|{* e R- : |T nb ( f)W | > f}\ <_ C (I * (M)) 1 ' 2 (^))" 2 

is false. In fact, if the inequality above were to hold, by the homogeneity we would 
have that 

\{xeM n : |T nb (f)(x)|>t 2 }| 2 <C / *0-Q) [ $ (2) (/ 2 ), 
and hence, since $ is a Young function 

^P^TTTTTK^ 6 ^ : l T nb(f)(^)l >A}| 2 <oc. 

A>0 *U/AJ 
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However, using the fact that $ 1 (x) = x/(logx) for x > e, it is easy to check that 

sup ^7T7xTK xGRn : l^nb(f)(x)|>A}| 2 
a>o QyL/A) 

1 , r log 2 (l + x) 

A>0 $(1/A)' L Jl 

1 , r log(x) 1|2 

a> $(1/A 2 ) L s Jl 

1 C 

-Si^ l{x>e: i^M >A}|2 
>c sup ^ A )- e ) 2 

" 0<A< P C/e $((^/A) 2 ) 

(7 ($(C/A)) 2 
" 4 0<A S <? /2e $((C/A)2) 
C 

>— sup log(C/A) = oo. 

4 0<A<C/2e 



As in the linear case and the particular multilinear case studied in [8], the proofs of 
the two main theorems will be based on corresponding estimates on a maximal function 
that controls the commutator, the operator M.L{\ogL) given by 

m 

( L1 3) MLQogL)(f)(x) = SUp Yl ||/j|U(logL),Q, 

where the supremum is taken over all cubes Q containing x. Strong bounds for this 
operator were already obtained in [8] but not weak-type ones. We present in this article 
the right end-point distributional estimate it satisfies (see Theorem 4.1). This operator 
and the estimates it satisfies are crucial in this paper. 

Our analysis will show that in fact one can also study commutators where only k < m 
factors appear in (1.10), and which are controlled by an appropriate modification of 
the maximal function M.L{\ogL)- We will concentrate only in the case where there are 
m functions in BMO, which is the most difficult one, and leave other generalizations 
to the interested reader. See, however Section 3 below. 

The next section contains some basic definitions and further background related to 
the classes Ap of vector weights and several multilinear maximal functions from [8]. 
Nevertheless, the reader already familiar with the subject can skip Section 2 and move 
directly to Section 3, where a key pointwise estimate involving the maximal function 
A^L(iogL), Theorem 3.1, is combined with the classical Fefferman-Stein inequality to 
prove the strong bounds in Theorem 1.1. Likewise, the proof of Theorem 1.2 is obtained 
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using a new weak type estimate for the maximal function M.L(\ogL)i Theorem 4.1, which 
is presented in Section 4. 

Before we conclude this introduction, we would like to consider analogs of (1.2) in the 
multilinear setting in view of (1.11) and put in evidence again some better than expected 
estimates, which are implied by the commutator results and which also motivate in part 
our study of commutators. For simplicity we consider the following particular case. For 
a bilinear Calderon-Zygmund operator T, we can write 

(1.14) T nb (/i, f 2 ) = M 2 T(A, f 2 ) - hTihh, f 2 ) - hTtfu b 2 f 2 ) + Tihh, b 2 f 2 ). 
We can use duality to obtain the surprising quad-linear estimate 

\\hb 2 T{h,h)-hT*\hb 2 ,h) - hT{h,b 2 h) + fiT*\h,b 2 f2)\\m 

(1-15) < || M i^O INI lp' II /1IMI./2 1| 

for 1/q + 1/r = 1/p, 1 < p,q,r < 00, and where T* 1 is the transpose of T in the first 
variable. Notice that this is again an improvement (now both in the target and the 
range) over the trivial estimate 

S : L°°(R n ) x L p '(M n ) x L q (R n ) x L r {M n ) L 1 (R n ), 

where 

S(b, h, A, f 2 ) = hbT(f u f 2 ) - f x T*\hb, f 2 ) - hT(f u bf 2 ) + fiT* l (h, bf 2 ), 

and which follows by Holder's inequality and the boundedness of T. The better estimate 
obtained reflects again the presence of certain hidden cancellations. Though we will 
not carry their study here any further, it would be interested to see if estimates like 

(1.15) are amenable to some analysis similar to the one generated in the linear case as 
consequence of (1.2). 

Acknowledgement. We would like to thank Hua Wang for pointing out some typos 
and a gap in a previous version of this manuscript which we have now corrected and 
filled in. 



2. Some background definitions and estimates 

2.1. Calderon-Zygmund operators. Following [5] we will assume here that T is a 
bounded m-linear Calderon-Zygmund operator. That is, T satifies the bounds (1.3) 
and (1.5) and its Schwartz kernel K satisfies away from the diagonal x — y\ — • ■ ■ — y m 
in (R") m+1 , 

(2-1) \K(y , yi ,...,y m )\ < — — — - 

( E \Vk ~ yi\) 

V fc,Z=0 7 
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A\y,-y'\ £ 



(2.2) \K(y Q , ...,y jt ...,y m )- K(y , . . . ,yL . . . ,y m )\ < 



/ m ^ mn+c ' 

E \vk - yi\ , 

K k,l=0 



for some e > and all < j < m, whenever \yj — y'j\ < \ max < fe < m \y,j — y k \. In 
particular for x ^ R supp fj, 

T(fi, . . . , f m )(x) = / K(x,yx, . . .,y m )fi(yi) ■ ■ ■ fm(y m ) dy 1 ... dy m . 



2.2. Orlicz norms. For = t (1 + log + 1) and a cube Q in M. n we will consider the 
average of a function / given by the Luxemburg norm 

||/IU g L,Q = inf{A > : ^^(^T^)^ 1 }' 

We will need the several basic estimates from the theory of Orlicz spaces. We first 
recall that 

(2.3) ||/lko>l if and only if ^ J $ (\f(x)\) dx > 1. 

Next, we note that the generalized Holder inequality in Orlicz spaces together with 
the John-Nirenberg inequality implies that 

(2-4) jij j \b(y) - b Q \ f(y) dy < C||6|| BMO ||/|U (logi)iQ , 

an estimate that we shall use in several occasions without further comment. 
We will also use the maximal function 

M L{ l ogL )f(x) = SUp ||/||i(logi),Q, 
Q9x 

where the supremum is taken over all the cubes containing x. This operator satisfies 
the pointwise equivalence 

(2.5) M L(logL) f(x)^M 2 f(x), 

where M is the Hardy-Littlewood maximal function, and we will also employ several 
times the Kolmogorov inequality 

( 2 - 6 ) ll/lljy(o,^) ^ C \\f\\Li^{Q,^ 

for < p < q < oo. See, e.g. [14] and the reference in [8]. 
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2.3. Sharp maximal functions. For 5 > 0, Ms is the maximal function 

M s f{x) = M{\f\ & ) l l\x)= (sup-L / \f(y)\ s dy] ' . 
In addition, is the sharp maximal function of Fefferman and Stein [3], 

M*{f){x) = supinf — / \f(y) - c\dy & sup — / \ f(y)-f Q \dy. 
QBx c \Q\ Jn Q3x \Q\ Jo 



and 



M*f{x) = M*{\f\ 



8\1/S. 



■T) 



We will also use from [3], the inequality 

(2.7) / {M s f(x)) p w(x)dx < C [ (Mf f(x)) p w(x)dx, 



for all function / for which the left-hand side is finite, and where < p, 5 < oo and w 
is a weight in A^. Moreover, if ip : (0, oo) —> (0, oo) is doubling, then there exists a 
constant c (depending on the constant of w and the doubling condition of ip) such 
that 

(2.8) sup V (\)w({y G R n : M s f(y) < A}) < c sup^(A) w({y G R n : M*f(y) < A}), 

A>0 A>0 

again for every function / such that the left hand side is finite. 

2.4. Multiple weights. Following the notation in [8], for m exponents pi, . . . ,p m , we 
will often write p for the number given by - = — + ••• + —, and P for the vector 

r o J p Pi Pm 1 

P = (pi, . . .,p m ). 

Let 1 < pi, . . . ,p m < oo, a multiple weight w = (w\, . . . , w m ), is said to satisfy the 
multilinear Ap condition if for 



n 



it holds that 



T(^rn(^rr<- 

When pj = 1, ^i^i JqWj Pj j J is understood as (inf Wj)^ 1 . 

One can check that ^4(i,...,i) is contained in Ap for each P, however the classes Ap 
are not increasing with the natural partial order. As mentioned in the introduction, 
these are the largest classes of weights for which the multilinear Calderon-Zygmund 
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operators are bounded on Lebesgue spaces, as proved in [8]) improving on the results 
in [6] and [11]. In fact, one has 

m 

Y\ A Pj c Ap, 

3=1 

with strict containment. Moreover, in general w G Ap does not imply Wj G L\ oc for 
any j, but instead 



(2.10) we A 



p 



1-p'. 

Wj 3 e A mp >., j = 1, . . . ,m 
V-Qj G A m p, 



where the condition Pj G A mp ^ in the case pj = 1 is understood as w l J m G A\. 

Observe that in the linear case (m = 1) both conditions included in (2.10) represent 
the same A p condition. However, when m > 2 neither of the conditions in (2.10) implies 
the other. We refer the reader to [8] for more details on this multilinear weights. 



3. Proof of Theorem 1.1 

The proof of the Theorem 1.1 will rely on a pointwise estimate using sharp maximal 
functions. The technique of comparing commutators with sharp maximal operators 
has by now a long history of successful applications (see the comments in [8] p. 15 and 
the references therein). 

To state the pointwise result in great generality we need to introduce some additional 
for m-linear iterated commutators involving j BMO functions with j < m. Following 
[12], for positive integers m and j with 1 < j < m, we denote by CJ 1 the family of 
all finite subsets a = {cr(l), . . . , cr(j)} of {1, . . . , m} of j different elements, where we 
always take a(k) < a(l) if k < I. For any a G C™, we associate the complementary 
sequence a' G • given by a' — {1, . . . ,m}\a with the convention C™ = 0. Given 
an m-tuple of functions b and a G C™, we also use the notation b CT for the j-tuple 
obtained from b given by (fro-(i), . . . , b a (j))- 

Similarly to (1.9), we define for a Calderon-Zygmund operator T, a G CJ 1 , and 
b a = (6<j(i), • • • , fro-(j)) in BMO\ the iterated commutator 

(3.1) T nha (/i, ...,f m )= [K(l), [K(2), ■ ■ ■ [ba(j-l), • • • ]<r(2)]<x(l)(f)- 

That is, formally 

Tnb*(f)(z)= / I TTC^i)^) ~ b *(i)(y*(i))) ) K (x,y y m ) T] fiivddy. 

V(Rn)« Vf =1 / f = i 

Clearly Tnb CT = 2nb as defined before when a = {1,2,..., m}, while Tnb CT = T^, when 
° = {j}- 

The pointwise estimate that will serve our purposes is the following. 
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Theorem 3.1. Let Tnb be a multilinear commutator with b G BMO m and let < 
5 < e, with < 5 < 1/m. Then, there exists a constant C > 0, depending on 5 and e, 
such that 

m 

(3.2) M* (T nb (f))(x) < Cj[ \\h iWbmo ( A^L(i og L)(f)(a;) + M e (T(f))(x)) 

m-l j 

/or a// m-tuples f = (/i, .., / m ) o/ bounded measurable functions with compact support. 
Proof. The way to interpret (3.2) is 

M*(T nh (f))(x) < J] WbjWeMO M L{losL) (f)(x) + "lower order terms", 

as it will become apparent in its application. Given the heavy technical notation and 
for simplicity in the exposition, we only present the case m = 2. As the reader may 
soon see, the general case is only notationally more complicated and can be obtained 
with a similar procedure. Hence, we will limit our selves to establish the following 
version of (3.2). 

For 6i , &2 £ BMO we will show that 

Mf(T nb (A,/ 2 ))(x) <C||M bmo HMba/o (Mr,(iogL)(/i, / 2 )(z) + M e (T(fx, f 2 ))(x)) 

+ C (\\b 2 \\ B MoM e {Tl{hJ 2 )){x) + \\h\\BMoMi(Tltf x ,h))(xj) . 
For any constants Ai and A2, write 

T nb (f)(x) = (6 x (x) - A 1 )(fo 2 (x) - A 2 )T(/ 1 , f 2 )(x) - (h(x) - A 1 )T(/ 1 , (b 2 - X 2 )f 2 )(x) 

-(b 2 (x) - A 2 )T((6 1 - AOA, / 2 )(x) + T((& x - Ai)/i, (b 2 - X 2 )f 2 )(x). 

= -(hix) - Ai)(fc,(x) - X 2 )T(hJ 2 )(x) + (&!(x) - Ai)T 6 2 2 _ A2 (/i, / 2 )(x) 

+(6 2 (x) - A 2 )T 6 1 i _ Ai (/ 1 , / 2 )(x) + T((6i - Ai)/i, (fe - A 2 )/ 2 )(x). 

Also, if we fix x G M n , a cube Q centered at x and a constant c, then since < 5 < 
1/2, we can estimate 

(^/ Mf)wi*-ici'id,) v ' < (±j\T M - C f dz y s 



< ( ill / K&i (*) " Ai)(6 2 (x) - A 2 )T(/ 1; / 2 )(z)| 5 ^ ^ 



|(6i(z) - \x)T^_ X2 {h, f 2 ){z) \ dz 
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^ J | (b 2 (x) - X^T^ih, f 2 )(z)\ S dz 
(|||/ \T((b 1 -X 1 )f u (b 2 -X 2 )f 2 )(z)-c\ 5 dz^J ' 



= I + II + III + IV. 

We analyze each term separately selecting appropriate constants. Let Q* = 3Q and 
let Xj = (bj)g* be the average of bj on Q* , j = 1,2. For any 1 < qi,q 2 ,q 3 < oo with 
1 = 1/qi + l/q 2 + l/q 3 and q 3 < e/8 we have by Holder's and Jensen's inequalities, 



1 ~ C{ jQ\J Mz) ~ Xl1 dZ ) {jQ\ 1 



Q 



i r \ ' 91 / 1 

■ i^i j„ \ l L l \u t~\ \ \ s i 



\T{hJ 2 ){z)r dz 



, 1/5^3 

<5<?3 



1 

.101 

< CWhWBMoMsMoMs^TihJ^ix) 

< C||6 1 || BMO ||6 2 || BMO M £ (r(A,/ 2 ))( a; ), 

which is an appropriate estimate for what we want to obtain. 

Since II and III are symmetric we only study //. Let 1 < ti,t 2 < oo with 1 = 
+ l/t 2 and t 2 < e/S then, by Holder's and Jensen's inequalities, 

" £ c (^X iMi) - A ' i< " & ) 1/i "(^/ e |T -- (/ " /2)(i)|fe<iz ) v& 

< G||MbmoM^(7£_ A2 (/i,/ 2 ))(z) 

< CWhWsMo M £ (Tl_ X2 (h, f 2 ))(x) 
= CWWWBMoM^TlihJ^ix). 

Similarly, 

/// < C||6 2 || BMO M £ (T b \^ Xi (A, f 2 ))(x) = C||6 2 || BMO M £ (r 6 1 1 (/ 1 ,/ 2 ))(x). 

It only remain to study the last term IV. We split each /, as /j = /P + f°° where 
/P = and /?" = /<- /°. Let 



Cj, 



where 

Cl = T(/P,(& 2 -A 2 )/ 2 °°)(z), 
c 2 = T(/ 1 oo ,(&2-A 2 )/ 2 )(x), 
c 3 = T(f?,(b 2 -X 2 )f™)(x). 
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Then, 

IV = (y^/ \T((b 1 -X 1 )f 1 ,(b 2 -X 2 )f 2 )(z)-c\ s dz^j 

+ (||| / \T((h - Xi)fi, (h - X 3 )fS°){z) - Cl \ S dz^J 



c 



( |^| y \ T {{b l -x 1 )jr,{b2-x 2 )f 2 ){z)- 



s ^ 



. v<5 

<5 



+ (||| |T((6i - AO/T, (6a - A 2 )/ 2 °°) W - c 3 |° dz 

= IV X + IV 2 + IV 3 + IV 4 

We choose 1 < p < 1/(25). Since p5 < 1/2, we can estimate IV\ using Holder's 
inequality and the fact that T is a Calderon-Zygmund operator 

x 1/( P 8) 

( |^| I )f°,(b 2 -X 2 )f 2 )(z)\ pS dz 



< C\\T{{b x - AOA , (6 2 - X 2 )f 2 )\\ L y^ {Q ,^) 

< y |(6i(«) - Ai)/i°(*)| ^ / I feW - A 2 )/ 2 °W| ^ 

og L),Q 

< C\\b 1 \\ B M0\\h\\BM0M L Q O g L )(fuf2)(x). 

Since IV 2 and /V3 are symmetric, we consider for example IV 2 , and estimate 
\T((h - X 1 )f 1 , (b 2 - X 2 )f™)(z) - T((h - AOA , (6a - A 3 )/ a °°)(x)| 



< / \(bi(yi)-Xi)fi(yi)\d yi 

J3Q 



\x — z 


£ lfe(y 2 ) 


- X 2 )f 2 (y 2 )\dy 2 




+ 


z - y 2 ) 2n+£ 



l \3Q 



101 



e/n 



n ^-1 
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x ( / 162(2/2) - A 2 )/ 2 (2/2)| dy 2 

'(3 fe +iQ) 



00 



- ^ ^2 3^ l|6 1 ll^ / o||62|| J BJ\/o||/l||L(logL),3 fc + 1 Qll/2||L(logL),3 fe + 1 Q 
fe=l 

< C|| 61 II BMO ||&2 1| BMO -A^L(logZ,)(/l) f2){x)- 



Fiinally, the term /V4 is estimated in similar way and we deduce 

\T{{b x - AO/f , (62 - A a )#°)(*) - T((&! - AOA 00 , (62 - A 2 )/ 2 °°)(x)| < 

< C||6i||BA/o||62||BA/0-M L (i ogL )(/i,/ 2 )(x). 

The proof is complete. □ 

We note that we can also obtain analogous estimates to (3.2) for m-linear commu- 
tators involving j < m functions in BMO. That is estimates of the form 

3 

(3.3) M*(T Ub ^))(x)<H\\b a{k)\\BMO M-L{\ogL)A^){ x ) + "lower order terms" , 

k=l 

where M.L(\ogL) a denotes the analog of M.L(\ogL) but with only log factors in the f CT 
functions. (Note that M.L(\ogL) a = -^L(iogL) when o = {j}.) The lower order terms 
are now of the form 

1 

\ \\b v '(k)\\BMO M e (T Uhri (f))(x) 

k=l 

for / < j, where rj is subset of a of cardinality I, and 77 U rj' = o. Note also that trivially 

(3-4) M i(logi)tr (f)(x) < M L{logL) (f)(x). 

These pointwise estimates are the key for the strong and weak-type estimates with 
multiple weights. In particular, they yield an appropriate version of the following 
Coifman-Fefferman type inequalities ([1]). 

Theorem 3.2. Let < p < 00, let w be a weight in A^, and suppose that b e BMO m . 
Then, there exists a constant C w (independent ofh) and a constant c w (h) such that 

(3.5) / \T Uh (i)(x)\ p w(x)dx<C w JJ||6. (I BMO / ML{logL){f){x) P w(x)dx, 
and 

sup -r^T-M{y G R n :|T nb (f)(y)| > t m }) 

(3.6) <c w (b) sup — l -r-M{y E W 1 : M L{logL) (f)(y) > t m }), 

t>o 4> m {j) 

for all f = (fi, .., fm) bounded with compact support. 
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Proof. The proof of these types of estimates is by now standard. We refer the reader to 
[12, Theorem 1.6] and [8, Corollary 3.8 and Theorem 3.19]. The arguments there can 
be followed step by step in this new case. We briefly indicate such arguments in the 
case m = 2, but, as the reader will immediately notice, an iterative procedure using 
(3.3) and (3.4) can be followed to obtain the general case. 

As already mentioned the philosophy in the approach is that terms involving M e can 
actually be treated as "lower order terms". In fact, as in [8] and using the Fefferman- 
Stein inequality (2.7) , 

||Tnb(/5l|LP(«o < \\M s (T nh (f))\\ Lnw) 
(3-7) < C\\M*(T nh (f))\\ LP{w) . 

Using the pointwise estimate in the previous theorem and again the Fefferman- Stein 
inequality we can continue from (3.7) with 

< C ||6i||bmoINUmo|| (\\M L{logL) (f)\\ LP[w) + \\M £ (T(f))\\ LP{w ^ 

+ C(\\b 2 \\ BMo\\M e {T^(fi, f-2))\\l^(w) + ||^l||BAfo||^e(^fe 2 2 (/l, Z^) ) || Lp(uj)) 

< CWhWBMoWhWBMoW (\\M LOog L)(f)\\l*W + Wt{T{f))\\ LP{w) ^ 

+ c(l|6 2 l| s ^ ||^f (t^ca,^))!!^^ + ||6i||^o||Aff(r b 2 2 (/i,/ 2 ))|U^)) ■ 

If we take e small, we can now repeat the procedure using the results in [8] and estimate 

||M#(T(/))|| LPH < C\\M{f)\\ LP{w) < C\\M L(logL) (f)\\ LP{w y, 
and for e < e', 

\\M* (Ti(/i,/ 2 ))||LPW < CWhWsMo (\\M L{logL) (f)\\ LPH + \\MAT{fij2))\\^)) 

< CWhWsMo (||^L(iogi)(/)lU,H + \\MtiTU\J 2 ))\\Lnu>)) 

< C||6i||BMo||A^L(iogL)(/)|| LP(w)- 

Similarly, 

\\Mt{Tl{h,f 2 ))\\ LP{w) < C\\b 2 \\ BMO \\M L{logL) (f)\\ LP{w y 
The desired inequality now follows. 

We observe that to use the Fefferman-Stein inequality as argued in [8, pp. 32-33], 
one needs to verify that certain terms in the left-hand side of the inequalities are finite 
when the right-hand side ones are (when the right-hand are infinite there is nothing to 
prove). However, if one assumes b in (L°°) m , then everything is clear because of the 
boundedness properties of T. The passage to b in BMO m is standard, and combining 
it with Fatou's lemma, one gets the desire result. 

The proof of (3.6) also follows the pattern for the corresponding estimate relating 
T^b and A^sL(iogL) in [8, pp. 33-35]. We also briefly indicate some of the details 
needed when m = 2. To further simplify the presentation, and since we do not intend 
to keep track of the exact dependence on b, we assume that the BMO norms of the 
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functions bjS are equal to one. Note that the doubling properties of $ will produce a 
constant c(b) in the general case. It should be noted though that, unlike the strong 
case, such constant is not multilinear in b. 

Using the pointwise estimate for M*(T n b(/)) we get 

sup i^ns w ^y e Rn ' Tnb i > e ^ ^ sup i^T\ w ^y e M " M ^ T nb (f)G/)) > t 2 }) 



^ S £ p i^I) w ({Mf(T nh (f))(x) > t 2 ) 

- C sup i^TTT^ ({^(log^CA. h)i x ) > t 2 }) 
t>o ® z (t) 

+Csnp-^ T -w{{M e (T(f 1 J 2 ))(x)>t 2 }) 

+Csup-^ T - U ;({M e (T fe 1 i (/ 1 ,/ 2 ))(x) >t 2 }) 
<>o $ ( T j 

+ Csup-^ 7 - U ;({M e (T fe 2 2 (/ 1 ,/ 2 ))(x) >t 2 }) 
= I + II + III + IV. 

We claim that the main term is I, which will give the desired result. In fact, from the 
estimates 

(3.8) M*(T(f u /,))(*) < M(f)(x) < M LlogL (f)(x) 

and the weak-type version of the Fefferman-Stein inequality (2.8) we easily get that 
II < I. 

To estimate III we invoke again (2.8) and the results for the M # function of com- 
mutators of lower order to get for e < e', 

III < Csnp-^w{{M*(T^(f 1 ,f 2 ))(x)>t 2 }) 
t>o <P ( T J 

< SUp ^TJ™ ({M L (lo S L)(f)(x) > t 2 }) 

+ SU P 7h^n\ w ({ M AT(fu / 2 ))(x) > t 2 }) . 
t>0 &*{t) 

Iterating the procedure and using (3.8) we arrive to III < /. The term IV is completely 
analogous. Again, to be able to apply (2.8) some justification is needed. But one can 
always assume the weight to be bounded and use a limiting process. We refer to [8] 
and omit the rest of the details. 

□ 
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Proof of Theorem 1.1 We can now easily finish the proof of Theorem 1.1. Since for 
w in Ap, the weight v$ is in Aqo, we can use one more result from [8] on strong bounds 
for A^L(iogL) and conclude from (3.5) that 

/ |T nb (f)(x)\ p u iB (x)dx < C v<s JJ ||6j||ba/o / (M L (io S L)(f)(x)) p Vw(x)dx 

m m 

< C ^ II II^'IIbMO \\ WfiWlFii-Wj)- 
3=1 3=1 



4. Proof of Theorem 1.2 

We start with a new weak type end-point estimate for M.L(\ogL) ■ 

Theorem 4.1. Let w G Aj. Tnen t/iere exists a constant C such that 
(4-1) 

^ ({x G M n : Mx(i og L)(f)(x)| > t m }) < C fl $^ (^^) «>i(aO<*r 

Morever, this estimate is sharp in the sense that $( m ) can noi 6e replaced by for 
k < m. 

Proof. Our goal is to estimate = |{AlL(iogL)(/i, f2, fm) > The set f2 is open 
and we may assume it to be not empty. It is enough then to control the size of every 
compact set F contained in fl. 

For x G F there exists a cube Q with x G Q sucn that 




(4-2) II > 1- 

i=i 

Thus, by a covering argument, we can extract a finite family of disjoint cubes {Q{\ 
whose dilations cover F for which 

(4-3) \F\<CJ2\Q*\ 

i 

and {Qi} satisfies 

m 

II ll/ilko, > i- 

i=l 

We use again the notation for the family of all subset a = (cr(l), ...,a(h)) ex- 
tracted from the set of indeces {1, ...,m} using 1 < h < m different elements. Given 
cr g C™ and a cube Q iy we say that i 6 B ff if \\fa(k) lk,Qj > 1 for A; = l,...,/i and 
||/«T(fc)lkgi < 1 for /c = /i + l,...,m. 
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Let us consider a G and i G B a . Denote 

k 

n fc = n ll/»wlka 

and n = 1. Then it is easy to check that 11^ > 1 for every 1 < k < m. It follows that 

i < n fc = ||/ CT (fc)lkQi n fe _i = H/a^jiifc-iii^ 

or, equivalently (by (2.3)) 

(4.4) J_£ 4fe ,n l _ l) >i. 

In particular, 



m—li 



(4.5) i < ^ J $ (f <m) n m _ x ) < ^ | $ (/ ffM ) $ (n 

Now, by taking into account the following equivalence 

||/||, ig ~inf{ /4 + 1 £ r / $(1/1//*)}, 
^ >0 \Q\ Jq 

if 1 < j < m — h — 1, by (4.4) we get 

^'(Ilm-j) = ^'(ll/^m-^n^-ill^Qj 

< c& (i + J $ (/ (7(m _ j) n^-jj 

From (4.5), by iterating the inequality above, we obtain 

/m—h—l -\r> \ 



(n fc ) 



j=0 
f m—h—l 



since $ is submultiplicative. 

Thus, since i G B a , we have \\f a (j) \\®,Qi > 1 f° r j — 1> an d it follows 

(m—h—l i /• \ / ^ i /■ 

ns/^ ,+1 Mn s i-" +i w]' 
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Now, since for 1 < h < m and < j < m - h - 1 we have that & +1 (t) < $ m "' l (t) < 
$ m (t) and <£> m - h+1 (t) < $ m (t), we deduce 



m „ 

l<c UwL* m(f > 



or equivalent ly 

\Qi\<cf[(f $"U)) 

j = \ \J Qi / 

Thus, going back to (4.3) it follows that 



l/m 



•(F)' 



< 




[ m m / 1 r 

s c EEEn?-n«.i"" K/ *-« 

\h=i aec™ ieB„ j= i Ql \N*\JQi 



l/m 



^h=l <tGC™ i&B a j=l 

n 

c T 

which concludes the proof of (4.1) 

We now prove that the estimate (4.1) is sharp in the sense stated in theorem. 
We claim that the following estimate is false 

We let A = 1 and then the estimate to be studied is 

m 

(4-8) \{x : M i( io g i)(f) > l}| m < C J] II^G/iDII^ 

for any f with all the components positives. Hence by the same homogeneity we 
replacing f x by A 

(4.9) |{x : M i( io gi )(f) > A m }| m < C / ^ ( A") f] f (/,) 

Now, let = X(o,i)- If (4-9) holds, since $ is a Young function, we conclude 

(4.10) sup $m _ 1 1 (A _ m) I {x G K : ^L(i og L)(f)(x)| > A m }| m < C. 
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However, observe that, by definition of A^i,(i og n(f) and of ||-||i,(iog£),Q; if follows for 
any subset A that IIxaII^q = _ 1 1 \ Q \ - ■ Hence, if x > e we have 



M L (logL)(f)(x) > IIX(0,l)llL(logL),(0,x) = -^ZT { 



Thus, taking into account that <p k (t) = t(l + log + t) fc , the left-hand side of (4.10) is 
bigger than 



S ^^=KX^) ]{X>e: ^W) >X}r * <T< 1/e 'I'"' 

i _ ( $ (i))' 



> 



0<A< i 

> : SUD log — 

= OO 



□ 

Given (3.6) and (4.1) the proof of Theorem 1.2 is almost routine. The reader can 
see [8, pp. 38-39] and easily adapt the arguments. 
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